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SUMMARY

Trouble was ericountered at Toolangi Observatory in :
attemptlng to calibrate the long-period seismographs with the Willmore
" Bridge because the method presented by Willmore (1959) assumes a
knowledge of the seismometer dynamical constants, in particular the
mass, centre of mass, and moment of inertia of the seismometer boom.

These were not available for the Toolangi instruments.

The method of calibration presented in this record
requires a knowledge of the mass and the centre of mass of the
' seismometer boom in the case of the horizontal seismometer, and only
the centre of mass in the case of the vertical seisméméter. The moment
of inertia of the seismometer boom is not required in either case.
The horizontal seismometer is easy to dismantle and the mass of its
boom can be found by direct weighing. The centre of mass of the boom
can.be found by balancing it on a knife edge. The vertical
seismometer creates a problem because this instrument cannot be
dismantled without great difficulty. The centre of mass of its boom
must be determined mathematically from a knowledge of its geometry and
the densities of the materials.



1. INTRODUCTION

In 1962 a-seismological-observatory was established by
~the: ‘Bureau of Mineral Resources at Toolangi (latitude 370-34' 17" Sy
longitude 1450 29' 26" E) to replace the Melbourne Seismological
Observatory, which was forced -to close  down because of high background
noise caused by increasing ‘industrial activity. :

The Toolangi Observatory consists of two Benioff
horizontal -seismometers and one Benioff vertical seismometer each
‘having a free period of 1.0 second, two Sprengnether horizontal
“seismometers each having a free period of 15.0 seconds, and one- Columbia.
" vertical seismometer with a free period of 15.0 seconds. The short-....--
- 'period seismometers drive galvanometers with a free period of 0.2
second and the long-period seismometers drive galvanometers with a free-
period of 90 seconds. Short-period recording is done via a Benioff 60-
mm/min three-channel recorder and long-period recording via a Benioff
iBQﬁmm/min three-channel recofder.

To calibrate a seismograph the ratio of trace amplitude -
to ground acceleration must be determined for all frequencies of
interest. The method of Willmore (1959) for the Galitzin type of
instrument is to determine the amplitude of the trace when a sinusiodal
current is fed into the seismometer coil. If the current is the real
part of

the force imposed on the coil is the real part of
| K i
and the torque is the real part of
K i 1c
where 1c is the distance from the hinge to the coil,
¢ K is a real constant,

j =~ -1,and all other complex numbers are underlined.

‘ If the ground and frame of- the instrument have an
acceleration equal to the real part of

f=f e
o]

ﬁhe torque imposed on the boom is
" J‘dem=£‘j’ydm‘= £m1

where y is the distance from the hinge to the element of mass &m,
m is the total mass, and
lm"is the distance of the centre of mass from the hinge.

The ground acceleration simulated by the current i
through the coil is-found by equating these two torques:

£=1 K.lc
m 1l

m

Of the quantities on the right hand side, lc’ m, and lm can be measured

directly. The following section describes Willmore's method of
measuring i and K. ' :
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' 2. CALIBRATION OF THE SPRENGNETHER HORIZONTAL SEISMOGRAPH USING A

-WILLMORE -BRIDGE

Under steady state conditions a horizontal sinusoidal

_ ground motion-may be represented by the real part of the complex -
"~ quantity

X =X e‘th
& o =

where X, .is a real constant,

w 1is the angular frequency of the motion, and
t is time."~ -

- If ‘a seismometer-of the hihge~type is being driven by this ground
"‘motion and steady state conditions have been reached, the angle that

ET

the seismometer boom m@kes .with its rest position at time-t can be

"represented by the real part ‘of the complex quantity

0= 00 ert
_ where Qo is a complex constant since the motion of the boom
differs from that of the ground ‘by-a constant phase angle.

The differential equation of the motion of the
selsmometer boom can be written (Bullen, 1947)

ir

10 +>\0+mg1 ¢o = -1 mx ' eeo 1
the moment of inertia of the seismometer boom about

the hinge,

the mass of the seismometer boom,

the distance of the centre of mass of the seismometer
boom from hinge,

the angle that the seismometer boom makes with the
horizontal,

the seismometer damping constant, and

the acceleration due to gravity.

where I

nn

®y =B B
i

This equation is of the same form as that relating
condenser charge to applied e.m.f. in the simple resistance,
capacitance, -inductance series circuit under steady state condltlons.
The electrical equation 1s

Lﬂ+R_g+g =§_ : 0002‘
where the e.m.f. is represented by the real part of the complex

quantity

E = Eo el

Eo.being a real constant, w the angular frequency of the e.m.f.,
and t the time. The condenser charge at time t is represented by the
real part of the complex quantity

Jjwt
g=g90¢€
where go is a complex constant since the condenser charge differs
from the e.m.f. by a constant phase angle.
The complex: 1mpedance of the electrlcal circuit is

=R + j(wL -_-:ﬁ;')
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Therefore by analcgy we can deflne complex mechanlcal impedance from
-+ equation (1) as

Zm = A+ 3 (b1 -8 ?)
. W

The calibration takes place in four stages.

' Stage 1 (Plate 2a)
N\

. The seismometer boom is clamped to the seismometer
~ frame and the seismometer coils rareyrcbnnggtgggﬁytO‘the’bridge. The
~ bridge is balanced. ' 5, .

. Under this condition a current flows through the
seismometer coils producing a force on the coils since they lie in a

_ magnetic field. Let the bridge drive voltage be denoted by the real
part of

. odwt

E)=Epe

where E is a real constant and t is the time. Let the current

- 10
* $hrough the coils be denoted by the real part of the complex quantity
L

Je1 T %10

where i

.10 is a complex constant.

The force on the coils is given by the real part of the
complex quantity p = Ki 14 ‘ vee 3

where K is the constant of proportlonallty between the force and
the current. K is real since the force is in phase with the current.

" Stage 2 (Plate 2b)
 Unclamp the seismometer boom keeplng the circuit )
elements the same. Owing to the fact that the seismometer boom is now
moving, a different current will be flowing through the coils than in
~ Stage 1. Let us denote this current by the real part of the complex
quantity -
i =i ejwt
=2 =c20
where 100
The force on the coils at time t will therefore be
given by the real part of K1 and the torque by the real part of

is a complex constant.

Ki 1 , where 1 is- the dlstance of the axis of the coils from the
1nge.
. Let the dlsplacement ‘'of the seismometer boom from its
rest position at time t be denoted by the real part of

_ - Jwt
& =8 ©
Where._Q20 is a complex constant.

We can therefore write the equatlon of motion of the
boom in complex form as

192+>\g2+mg-1m¢§2 = Ki, 1 cer 4
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In the electrical analogyy*current is given by the
real part of ' S ' ) ‘

4 = by'Oﬁm's law

|N| -

- By -analogy "we obtain: from equatlon (4) that the angular
velocity, of the- seismometer boom is given by the real part of
o =%l vee 5
' “m
- Since theJSelsmometei coils are moving in a magneticV
field they are generating en e.m.f. It can be shown that if K is
defined by equation (3) then this e.m. f. is glven'by the real part of

82 = Kl &
2

k%1

c 22 : ' 6

Z
o
Stage 3 (Plate 2¢)

The condltlons are as in Stage 2 but with the bridge -
}drlve voltage applled across R.. -Let the current through the coils:
in this case be i Then by &nalogy with equations (u§ and (6), the
angulap velocity o} the boom is given by the real part of ,

6_K10i05 : . V ’ 0007‘

ot

LN 8
Let the galvanometer deflectlon in Stagee‘é and 3 at
tmme t be glven by ‘the -real -part of - oo
§ T f eJWtf” and 2 230 respectively.

=2 7 =20

?llnear
we have at tlme t

. Because the" galvanometer deflectlon s
functlon of the applled e. m.f. for a glven frequency,

e tes .y e 9

where the e.m.f. acgoss RR is given by theerealnpart;of gs3.
To obtaln this equation we. neglect the effect of RB and

RD ‘because these are’ 1arge in comparlson with Rc We also ignore the

effect of RR because this is small in comparlson w1th Rc
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.~ By substitution from equations (6) and (8), equatlon
(9) can be wrltten .

Therefore ees 10

3
53 o2 %3?2— g

Since the bridge was balanced in Stage 1, the
deflection of the galvanometer in Stage. 2. will. be due to the difference
in the seismometer coil currents, namely the real part of 102 - lc1 ’

again neglecting the effect of RB and RD.

‘Since the galvanometer deflection is a linear function
of the current flowing through it, we have at time %

o2 T 21 = _Ze3 e 11
3 3
Therefore equation {10) reduces to
2 .2 . .

e }é - Kl 4 cee 12
=83 g -

3 Za

=3

Now, from Plate 2c,

Ts3
Ry rRp

where-the e.mif. appiiéd'across RS and RR at time t is the real
part of = - :

_ Jwt-
ES = Efso e

Here Eso is a real constant.

Also we have, from Plate 2a, with the bridge balanced
_E
+“RB

where the e.m.f. applled across the bridge at time t is the real
part of

Ze1

B = B eJWt

Here E is a real constant and Z is the complex

ICC A

electrical 1mpedance of the seismometer COllS.A B
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- Substitution for!§83vand iy, in equation (12) yields

- R
PEREA

N s
Bth 7, Iy Gt Rp)

Taking the moduli of both sides of this.eQuetion and
using the fact that Wchg'ch where Rc is: the seismometer coil - '

resistance and Lc is the seismometer coil inductance, we obtain

E Ry '. 3 =.ﬂ-K2 1.° E - | :ﬁ
R <Rc+%>-{fémé§?“2}%'

XX 13

ie., w = [ng1g .
or : T = 2Tr‘v I é —]—- f - vuw'vu‘_..,_.,
: . m - mg lma o fm : , o

&
~where T_ is the natural period of the selsmometer and f' is
its natural ?requency.

Equatlon (13) can now be wrltten

E R.R §2  =. k2 1 IE'
R, +Rn }i (RB+R)[(2ﬂI)2 gf-f ; “‘2:1%
» .

l 1. IE IRR [(21'1)2 E - -fm' g* ZJ% (R +R)
_1122;‘2“‘ (R + RR) K 1 2| ?LJV;.f,

S ces 14

..This expression:-has a minimum where f fmf Therefore
if we plot !f I/l;g ‘agalnst frequency we get a curve with a
minimum where f = f . To obtain the ratio |§3‘ we compare the amplitudes

of deflection in Stages.2 and 3. | SQI

If during the calibration we make E '- E1, we obtaln

};3_ 2.2} (R +R)) ° _ [(2"1)2 (f --l-':-).'; *’\2]*.‘
22.- Rs+_RR _K41 ‘ __.f' '

c



Thus K can be determined if we krow I.

7.
';2

' Therefore if we plot 3 \agalnst §£ - fﬁ%i we get. a.

°f
straight 11ne w1th gradlent '

,(2«1 RR(RB?R)\ ’
N Ry+By /1A 104

which we designate by e,

e 22
(4]

_Therefore 1°K . 21T Ry (RB + Rc)

L ¢ (Rg + Rp) | P

Stage

" Willmore's method for a Galitzin type of seismometer
requires a knowledge of the moment of inertia of the boom (I) to
derive K from equation (15). This section describes a more convenient

method of deriving I.

The free peripdﬂof the seismometér-is given by -

. :’57 -
Tm = 21713;2;72;72- eee 16

" where 4 is the angle of tilt of the boom below the horizontal. Tﬁ

can be determined from the minimum condition of equation (14), but both
I"and g are unknown. However, changes in § can be measured either by
knowing the pitch of the footscrew or by using a calibrated spirit
level. Writing g as the sum of the original angle 4 and a measurable
departure from this, i.e. °

g - 4+ 4

equation (16) can be written

[V L

4112 ' = ¢o + 4¢' a0 ”m’umxx oo 17
mgl I

Now if the left- hand-81de is plotted against- ﬁ' for a number of. different
tllt angles, the slope of the resulting stralght 11ne 1s 1/I.
L.
K can now be determined from equatlon (15). Substitution
of "this value, the measured.values of lc’ m, and 1m§ and'"

=1 . for

Bp + Rg’

\ic.i |

‘1n equation (1) gives the ground acceleration correspondlng to the

measured deflection

Ll
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‘Because the simulated acceleration is sinusoidal, the

velocity and displacement sensitivities are detergined from the
acceleration sensitivities by dividing by w and W~ respectively.

3. CALIBRATION OF THE COLUMBIA VERTICAL SEISMDGRAPH USING A WILLMORE
BRIDGE

If t is the time elapsed since the displacement of
the ground was lastfgb then the displacement of the ground at time t

can be represented by the real part of the complex quantity

. Jwt
-5
By letting the real part of the complex quantity
e O e t.

h_denote the angular dlsplacement of the boom from- its rest p081t10n at
‘time t, we can write the differential equation of the motion of the
boom in complex form as (Bullen, 1947)

‘e

. 2 ~ ~
IQ+}\_O_+_I w 8 = -1 m{

the moment of inertia_of thé seismometer boom about
the hinge,

‘where I

n

A = the daiiping constant;
LA the natural angular velocity of the seismometer boom,

1m = the distance of the centre of mass of the boom from
the hinge, and

m = the mass of the boom.
This equation is of the same form as that for the ,
horizontal seismometer and so the theory of stages 1, 2,and 3 hold for

the vertical case. Thus we can write the max1mum 81mulated ground
acceleration for the vertical case as

|E| K1
= . [
Rc + RB m lm

the constant of proportionality between the current

e o0 18

where K

flowing in the coils and the force acting on them,
§1\= the peak bridge drive voltage, and ?
e = the distance of the axis of the coils from the hinge.

To determine K 1,

\,

Balance the bridge for direct current with the
seismometer boom clamped and the seismic galvanometer as the balance
detecting galvanometer. Switch off the current. Unclamp the
selsmometer .and place a small known mass m1 on the selsmometer boom

at a dlstance 1 from the vertlcal through the hlnge. Upon lifting

this mass a deflectlon d will be produced on the recorder. This

¢ .
£y b
v L 4,
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deflection is related to the mass ﬁ1, by the equation
m, g _11 = kd1 ‘ U S eee 19
where k is a constant.
Now switch on the bridge driving-voltage and allow
the seismometer to come to rest. Measure the voltage across its

terminals using a vacuum tube Voltmeter. Calculate the d.c. current
le flowing through the seismcometer from the balance conditions. When

the current is switched off, the selsmometer will return to its rest
position generqtlng a current which will cause the galvanometer to
produce a deflection dz-on the recorder. This deflection is related

to the current by the equation

lc KiD=kd.2 - ' s e 20
From equations (2) and (3)
k1, = M 8L % o a2
ip 44 '

Substituting-this in equatlon (18), the simulated acceleratlon
becomes 4
f=_E GHm™y 11 g
RB + RC d m 1D l

Calibratjon of the vertical seismometer therefore
consists simply of -determing the quantity

LI Y 22

g4, m 1
iD d m 1
“““ and-the- galvanometer deflectlon g corresponding to- an- alternating -
“voltage E. The acceleratlon -sensitivity -is- then f/ g s Where f is
given by equatlon (22). The velocity and displacement sensitivities

are determined by dividing by W and W respectively.
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