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SUMMARY 

Rock compositions may be expressed in terms of non-negative 
proportions of end-members by use of linear programming methods, in 
which one maximises the sum of these proportions; linear programming 
may in many cases be a preferable alternative to both Q-mode factor 
analysis (tn which end-member proportions are not constrained to non­
negative values) and traditional norm computation (where linear programm­
ing has the advantage of generaUty). 

A general purpose computer program has been wrttten to do this, 
with an option to identify, Iteratively, the most divergent rock compOSitions 
from within the data matrix, and include them as additional end-members. 
KEY WORDS: linear programming, geochemistry, norm computation, 
factor analysis. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

INTRODUCTiON 

Linear programming is used to optimize linear functions where 
the variables are subject to a number of linear constraints (inequalities). 
In general, one seeks to maximize z, given by the relation: 

subject to the constraints x.~ 0 and 
1 

c x , 
n n 

a U xl + a12x2 + .•.• + alnxn";;;;: bl 

a21x1 + a22x2 + . • •• + a2nxn ~ b2 

...... 
a m1xm + am2x2 + ••••• + amnXn~bm 

where a .. , b., and c, are given constants (Harbaugh & BOnham-Carter, 
1970). IJ 1 J 

Frequently in geochemical and petrological studies, we wish to 
characterize a rock as a mixture of lend-member' compoSitions, which 
may be idealized mineral compOSitions, as in norm computation, or extreme 
rock compOSitions or hypothetical rock compositions as In Q-mode factor 
analysis (Imbrie, 1963). In each case, a number of constraints are implied 
in the model. If one considers a chemical analysis of m elements, of which 
the ith element gives a percentage value p" and one wishes to split the observed 
composition into proportions x. of n end-Dlembers, each of composition given 
bY a vector of percentage valuJs a'i' the situation will fit the general case 
bY substitution p for b, and setting1e, = 1. Each constraint, 

J 

a'lxl + a'2x2 + • • •• + a. x .-- p" 
11m n~ 1 

has the simple meaning that the sum of contributions to each variable by 
each end-member cannot exceed the observed value of that variable: i.e., 
end- member scores must be non-negative, and the 'error' term, given by 

n 

L 
j=1 

e, = p . -
1 1 

a .. x . 
IJ J 

must also be non-negative - This contrasts with normal multivariate 
techniques, such as least-squares optimization, where the error term is 
allowed to take negative values. Ther~ is one additional constraint, since 
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lX
1 

+ lx
2 

+ • • • • + lx
n

,.;; 1.0, 

the sum of proportions of end-members cannot exceed 1. Normally, 
with linearly independent end-members, this constraint is superfluous 
and may be ignored, but in badly formulated problems containing redundant 
variables, and in norm calculations involving extensive mineral lists, it 
would be advisable to include this constraint in the formulation of the 
problem. 

SIMPLEX SOLUTION OF LINEAR PROGRAMMING PROBLEMS 

This method is described in practical detail by Harbaugh & 
Bonham-Carter (1970) and, as the explanations involved are rather 
complicated the reader is commended to their excellent treatment, and 
also to the account by Vajda (1961). Harbau·gh & Bonham-Carter present a 
FORTRAN computer program for solution of linear programming problems, 
and this has been modified (Appendix 1) for application to problems of 
rock chemistry. 

TWO-COMPONENT EXAMPLE 

Consider that one has obtained a number of chemical analyses 
within the K-Al-Si-O system and wishes to express the data in terms of 
quartz and kaliophyllite. Two end-member vectors could be set up as follows : 

Si 

AI 

K 

o 

Q 

33.33 

o 
o 

66.67 

Kp 

14.29 

14.29 

14.29 

57.14 

A sample with a composition corresponding to orthoclase could 
then be allotted a position between the two, and expressed in terms of 
proportions of Q and Kp. Since negative proportions are disallowed, one 
may write the follOwing inequalities: 
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33.33p + 14.29pkp ~ 23.08 (SI) 
q 

Opq + 14.29pkp ~ 7.69 (At) 

Opq + 14.29pkp ~ 7.69 (K) 

66.67p + 57.14p
kp ~61.65 

(0) 
q 

The sum of p and Pkp cannot exceed I, and thus one may write a further 
inequality: q 

1Pq + 1pkp ~ 1 

By application of the simplex method to maximize the objective 
function, 

z = Pq + Pkp' 

one Immediately finds that z = I, p = 0.40 and p = 0.60. Since 
only two end-members are invol~ this soRition can be re!Wesented graphiC­
ally In two-dimensional space (Fig. I), which may clarify a little the 
principles of linear programming. 

NORM COMPUTATION 

The essence of norm calculation is the transformation of a 
chemical analysis vector by a mineral composition matrix to a vector 
of mineral proportions. Expressed in these terms, It becomes somewhat 
analogous to factor analysis, since in both methods one is attempting to 
transform a set of observations into a set of more readily interpretable 
variables. Computer programs for norm computation do not normally 
reflect this theoretical simplicity, however, being generally rather long 
and untidy, due to the many 'special cases' which must be allowed for 
(e.g., the problem of partitioning Iron and magnesium among the femic 
minerals). Most of the constraints in norm computation are Itnear, and 
thus one may use linear programming methods of solution. In simple 
cases, where partitioning problems do not arise and mineral compositions 
are linearly independent, the general model will invariably give correct 
results, but attempts to apply it to more complex problems may lead 
either to Incorrect results, or to cycltc solutions (Beale, 1954), in which 
there is no decision among several incorrect results. 
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When pairs .of sDlid sDlutiDn series are InvDlved, it is pDssible 
tD set up additiDnal cDnstraints cDncerning them. TD cDnsider the case .of 
cDexisting DrthDpyrDxene and .olivine, let the mDlar percentages .of MgSi03 and FeSi0

3 
be x and x

f 
respectively, and the percentages .of Mg

2
SiO 4 

~d Fe2Si04 be l1~D and :I!:a. AlSD let the ratiDs .of Mg tD Fe In the twD 
mInerals bEf equal. Then 

x I x = x I f = r , en fs fc fa 

where r is the ratiD Mg/Fw. 

This equality may be expressed as twD cDnstraints: 

x 
en 

X
fD 

= 0 

= 0 

If olivine and pyroxene are the only normative minerals containing 
irDn and magnesium, r may be cDmputed befDrehand and these cDnstraints 
applied directly (by use .of the 'Big M' method - Harbaugh & BDnham-Carter, 
1970). HDwever, the presence of any minerals In which irDn and magnesium 
are treated separately (e.g. pyrite, dDIDmite) Invalidates this approach, as 
the propDrtlDns .of residu;ll Fe and Mg cannDt be determined befDrehand. It is 
possible tD remove r frDm the cDnstraints by a rearrangement .of the 
equatiDns, but the resulting cDnstraint, 

x x :; x x 
en fa fs fD' 

is nDnlinear, and thus linear prDgrammlng methods can nD IDnger be 
used. 

If such a case arises, it might be possible tD remDve the cDnstituents 
cDntainlng Fe and Mg alDne Dr in fixed ratiDs first, then cDmpute r and carry 
out the main part of the nDrm cDmputatiDn. If this Is nDt posSible, .one could 
resDrt tD mDre sDphisticated prDgrammlng methods (e.g., dynamic prDgramm­
Ing), Dr return tD the specialised fDrms .of nDrm cDmputatiDn. Despite this 
disadvantage .of such a generalised method, Its great advant<lge .over the 
traditiDnal types .of nDrm cDmputatiDn lies in the variety of mineral end­
members Which .one may IncDrporate intD the prDblem without alteratiDn of 
the cDmputer prDgram. 
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FIGURE 1. Representation of orthoclase as molar proportions of quartz (q) 
and kallophyllite (kp). The sum of p and p cannot exceed 1; thus the 
objective function z = p + Pko ~ 1 'b. one ~nstraint. Additional constraints 
are imposed by the rel:llive J1roportions of the analysed elements in the . 
minerals. e.g. the sum of p Si and pkpSikp· cannot exceed Si = 23.08. 

q q or 

These constraints, together with the requirement that all values 
be non-negative, define a field (stippled) of feasible solutions. The optimal 
solution is that In which z = P q + Pkp is maximised. 
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LINEAR PROGRAMMING AND FACTOR ANALYSIS 

The factor analysis model (Harman, 1967) may be defined as: 

m 
z .. = L 
j' p = 1 

a. F . + d
j
. U

j
. ,. , 

jp p' 

where z is the value of variable j for individual or sample i, and each 
of the m terms a . F . represents the contribution of the corresponding 
factor to the valulfof~ .. , while d. UJi is the 'residual error' in the theoretical 
representation of z .. . -the F's and IT's are usually taken to be linearly indep­
endent, and are assUmed to have zero means and unit variances; thus in any 
individual sample, the term containing U could take a negative value, so 
that no physical slgniflciance can be ascribed to the solution unless (as is 
often the case) one ·assumes that U

ji 
approximates to zero. 

By re-definition of all the components of a, F, and U as non­
negative (a reasonable definition in view of the fact that we are dealing 
with a set of non-negative observations), one may re-write the model as an 
Inequality : 

leading to a set of constraints In a model in which one seeks to 
mexbntze m C Fp!, 

pol 

PSEUDO FACTOR ANALYSIS 

Q-mode factor analysis, as carried out by Imbrie (1963), 
involves the selection of the most divergent rock compositions from a 
data matrix, followed by computation of the relative proportions (scores) 
Dithese ·hypothetlcal end-members In each sample . . . 

Definition: of the most divergent compositions is an area in which 
l!rlea~ · progr·ainming appears at first signt to be of little relevance. However, 
oninn.i1y ·a,dopt an Iterative approach, by first selecting a single end-member, 
in · ... hlch, for example, the variable of highest variance (e.g. silica) has .. " :. ; . . 
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maximum (or minimum) value. Applying linear programming methods to 
a set of analyses, one may now select the sample with poorest fit to the 
chbsen composition, to become the second end-member. And so the process 
might continue, obtaining as many end-members as desired, to a maximum 
of m (the number of variables) . 

A computer program has been developed to carry out this type 
of analysis, and a listing, together with a worked example, is included in 
Appendices B and C. Operating instructions are given in Appendix A. 

LIMITATIONS 

Apart from the limitations of the method with respect to norm 
calculation, discussed above, linear programming suffers perhaps by 
being principally a deterministic technique, though Vajda (1961) has 
discussed 'stochastic linear programming' In which one assumes that the 
constants (or 'technological coefficients' as they are termed by Vajda) 
are random variables. 

The main difficulties in introducing random variables concern 
the estimation of type and parameters of the distribution function of the 
objective function optimum. ThE! method used in the present paper bas been 
based on Madansky's (1960) 'Watt-and-See' prinCiple, by which one does not 
try to estimate the distribution parameters, but simply takes the available 

observation (or waits for an observation)" and solves the non-stochastic 
linear programming problem resulting. 

POSSIBLE APPLICATIONS 

The use of linear programming techniques has the virtue of 
generality, compared with classical methods of norm computation: empirical 
mineral compositions may be slotted in as required, without the necessity of 
writing a special computer program for each. 

Further uses might be seen in the realms of experimental 
geochemistry (construction of phase diagrams, etc.), and in studies of 
magmatic differentiation, metasomatism, sedimentology, and ore-deposit 
paragenesis. " " 
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, 

An interesting application might be the calculation of ternary 
diagram co-ordinates. Apart from the conventional triangular diagram, one 
could also envisage a diagram with two components plus an 'unknown I or 
'remainder' component. In Fig. 1, for example, one might plot the optimal 
pOints for a number of samples in the trangle defined by 1.0q, 1.0kp, and 
the origin, which represents simply zero quartz, plus zero kallophyllite, 
plus 100% of something else. Such a plot could be useful in studies of 
contamination of igneous rocks, or in economic geochemical surveys 
(analogous to the communality maps recommended by Krumbein & Graybill, 
1965). 
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APPENDIX 1 

PROGRAM ENDMEM OPERATING INSTRUCTIONS, LISTING, AND SAMPLE 
OUTPUT. 

1) Operating instructions 

The data input format has been kept as simple as possible, but 
the user can easily include additional options if desired. 

Card 1: Variable format card for input of analytical data. It consists of a 
FORTRAN format definition, in brackets, allowing an Initial alphanumeric 
field for identification, e.g. (A8, 2X, 14F4.·2). 

Card 2: Columns 1-3 (right-justified) M, the number of variables. 

4-6 (right-justified) N, the number of end-members supplied. 

N may be punched as a negative number, in which case -N 
end-members are supplied, and additional end-members 

are extracted from the data matrix until every sample 
composition is accounted for to at least TOL percent (set 
at 95 at present) by linear combinations of the end-members . 

Cards 3 to N + 2 (or -N + 2) : End-member compositions In the format 
specified on card 1. 

Cards N + 3 (or -N + 3) onward: Data cards in the format specified on 
card 1. 

Last card: End-of-flle marker; format of thiF- card will vary with the 
computer system; the CDC3600 format is 7EOF. 
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439 CONT I ~U I: EN DM(1 061 
______ __ 1 F', • ;~al, (N Yl'I..f..E R, Eo. tiS) L _lliUJLl..UL __ . ____ . _____ ___ _ _ ___ ___ . ___ F: ~I'I"IO.Q~. _ 

490 caron I ~U F: F~ UM0083 
N S;NUJ:jO f ~ ____ _________ ENOHUOR~_ 
WRITE(6.72 ~ ) E~ n MOOB5 
PI1INc:l0 0 ,1 ____ . _ . _______________ _ . _ EN f1 MU(lS6 
1F'(l.GT.'IIUMHERI GO TO 5 39 . -- - --.-.- ..... - ---'-----F:\I OMOOEi"7-
DO 538 .l..!.~118~R . _ _ __ _ ___ . __ . _____ _ ... ___ ._ .. __ . ENf)M U O~6 

IF"'PMI~,L,.T.PROPII)) GOlD 580 ENf) I1 f1 0!i9 
PMIN~PR') P( I) I:: "H1H O O~O 
NMINc:1 E NOMUO~l 

__ ~_o CONTllillL- _ . _ . __ . ________ ENOM U02L 
WRITE(6.73 (J ) IDl(X( J) ,PROP( 1). (SCORES( t .J) .J=l.N) ENIIMli093 

,38 CJNlllUE . __ _ ._ _ _____ . _ _ _ . __ . __ .. __ .. _.£H.!lM.Q..QJ_L 
539 CONTI~U~ E"IOMOQ95 

IF'q L,E Q .O,OB,P~JN,GT.TOl) Gora 750 EN OM0096 : 
NIH:::INMl~J EN nMo097 
WRITE(6.74 0 ) I'il!:UPt1IN ___ . _. _ ____ __ ENUM009& 
N;N.l ~N O M0099 
1F'(l.Gl.H) GOl D 669 ENOMUtOO 
DO 668 1=1. M ENO,..OlOl-
EMf'I,Nt.x:X( I,NI H) EN OMlil02 

668 CONTINUE ENOMOf6"""3 ' 
669 CONTINUE ________ . __ . ___ __ ._______ _ __ EI<./!JM0104 

EM('MM, :'J) =1. 0 EN~H1-0 10S 
NUt18ERIIIIO ___________ _ _ ENDMU106 
NUHCYC" \J UHCYC.1 ---- -.----- · -~-(Nnt,tUTli7 

GJIO 21J ~NnMul08 
720 f"OHHATUs~lSUMMARY.8101 or SIMP,6HLEX: L,P"B ~ I CLASSJr,7 -UCATfoNI F - F.r.4 Dl1ill09 

,81010SAMPL8 ,8H PERCENT,6H ACCTO,7~.8HP~OPO~Tl,8HONS OF' E, ENnM nl10 
,8HND .. "'E =-I ::JE, 2HRS) --------. E~[JI'IO 1 rr-

730 F'OAHAT(lH ,A~,rJl~ ~10X,10F'10,4,(/29X,10F'ln,4)1 E~nM n l11 
740 rORI1AT (BHO SAMPLL r 4-;eH SELecT, SHED AS f'JE ,a~x:T E'm-."i04. 5REHsEIf,' -- uF.Nmronr 

18H PERcEN.SHT ACCOUN.BHTEO FOR ,SHBY EXIST,8H! NG EN~-,8HMEMBE~S ENnHO~_ 
,,2~ls,rl0,?) EN nM]115 

150 CALL EXIT . ____ ._. F."I OMU 11. 6 
ENO E~OMOl1;r-
S~BBOUTJNE SIHLEx(RTsln,COef",HM,NN,KEYS,OBJfUNI SIMPOQOl 
DIMENSIO~ COEr(70,~O),wEtQHT('0), 18ASIC(50),RTSID(70).KEYS(50; SIMP OOOl' 
COMMON/KQZCOH/K Q ZS~X.KQZBOO,KQZBQ6 $r~P 0 003 

C sl~P0004 

c p 



1 
I S f"lp iJ 009 

NYAR=NN S I~P!I010 
NEUIJ= ~M S I~p a Oll 

1------ IF"q,(1l', NN) GOT C 49 ._________________ __5 l "1P II 0 12 
-- 00 46 l:l., NN S p'lp0013 

KEYS('}aO S J ~P0 0 14 
.- --wEIGHT( I ):"1.0 --. _._-. _. - ------------.- S J~poO~· 

I ... :;-- ~~~~~~~~ --------- ----~.----- -·----·-------iF~~~H~ 
. ______ -----'0i-jB;.;J<7f"-"U:;-N _"''--;,,",0" S I /'1 P U 0 1 8 

11(l.GT,1M) GOT ~ 89 S t"lP0 0 19 

I · DO sa J:1., 1': 11 St MP(Jn2 0 
- - - .- H J ;: t .~N ----- ----- ---- ---------- - ------- --Sf \1 P I!n1 
________ Jf(l,GT,I1I1) GO T(l ~~. __ . S P4p 'J02 2 

1 
no loa J::l.MM - ·------ ---- -·SIMptfoIT-
C06f(J,Mt)=O,O S l"1pUO ~ 4 

10e CONTINUE SIMp OO? 5 
.-JuQL!9'-------FC*'0":!;T!-c'KN~U'::':__.__._=----.--- __________________________ __ SI" P 002~_ 

1 COSf<J,'1I)=1.0 Splp u0 27 
_ KE'fS(HI)~ ___ SP1P 0028 

1~'SICIlI'MI 51"P0029 
_~B~8-~C~0~~-oT_!_'~NU~Eo_--------------------_______ n S PlpllO 3 0 

I 69 ~~~~!~tE __ .0_ . _________ .. ~~~: ~~~~ 
NT IM=25 S t ~ p (I 044 

I '. IF"Ci.OT.NTffoli CO TO 259 --·--------- -------'-l!SIMMbpUOO: S6 -
DO 258 N T:l,NTI ~ ,~v 

________ ~S~M~.~L~L~I~.'~'E~!~G~HuI~I£IL1_________________________________________ SIMPOO~ 
JE NT ER'1 SIMp OO'8 

1 
____ -----;.'-;,'-'-1 2~, GfTC.'";N"'Vc:',,R,,'.G*'O'--TClO'---Z,"'B-"O_____ S I '1p 0 0 4 9 

00 28e Ja2,NVAR --------- SJMPOO~O--

l'IWEI GH T\JI,(I E,.H' •• lI GQTO J30 _____ --is I MP [o 05i 
S"ALL.l~;..:EIGHT(J) ·_0 .. _· SI'1P IJ 052 

__ ~~~J~E~N~T~E~R~.~J-------------------------------------------____ . SJMP 0053 
330 COHTJNUE Sl~ P Q 054 
ZBB CONTINUE 5 1"p 005 5 

1 
289 CONTINUE St'1P 00 5 6 -

1 ____ -'fS-i!N""AL~I.~2~.,,9'-i9'"'9~97;97-9.L, 9"",,--;;---,--,-;;-__ _ ____ 5 I M. 0 ° 57 
IF(lIGT.~EQU) GOTO 359 S tMp (J05 8 
DO 358 11\Il,NEQU SI,04p 0059 

1 
Ir(COEr(I,JE~J TER'.LE.O,OOO) GOTO 430 SIMPOO~ 
RAT 1 QIIRTS I Of I ) I CO EF ( t, J~.NTER I S P4POO ~1 
JF(RATlo.GE,SHAt.L2) GOTO 430 Stol4p oo-6r 

I 
1 
1 

430 
358 
359 

SI·UU.2I!gATtO S I ", p U063 
IL6AVE" --------------~ I"P0064 -
CONTINUe SIMP0065 
CONTINUE SJMP OOb&-
CONTINUE SI'P0067 
JL8.VE"il. 5IcTTtT.-Vtl ---- ---- ----- ---- -IT'1'1J"~ 

JrtSMALL2, GT.11111.1.0R,SMALL1.GE,O,O) GOTD 670 S I ", p O O~9 
CO~lICObr( rlEIVE.:.rENTER) ------- srMpoan-
!'ll,GT,NVAR; GOTO 4.9 SlMp 007 1 
DO 488 Jal,NVAR SIRpOo'~ 
C06rIILE_VE,J).C OEr(ILEiVE.J'/CO~ S I~P D 073 

488 CONTtNUE - -------- - - s ptpllc14 

I 
.89 CO~I!NUE ____ _ __ _ ____ 5 1"P U015 

RfSIDIILEAVEI.RTSIOIILEAVEI/CON -s f'P1J016-
Irll,Q?,NE OU I GO?D 519 S I " P0077 
00 518 1'1,NEDU ~ 1 " p O O'8 

I IFII.EG,II.EAVEI GOTO 580 51" p 0019 
CON-coer C I. JENTER) 5 1 'ipOO 8(; -

______ I~{l,GT,NVAR; GOTa 559 S(MP0091 

1 
I 

DO 5'8 J=l,NVAR .. . ----.. S[!,1 P0092-



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Coer( II J ): coe r-( I,Jl·CON-coeFC ILEAVE , J) S I '1 PUO::l 3 
55B CO N TI ~U ~ S I~p O O ~ 4 
55-1 CON TI NUO:: S (!lp OOS5 

____ RTSI[)( I )=RTSIDli )-COt'.~TSJ[lC Il.EAvE) ___ ___ 5 1'1PU086 
580 CONTINU E s ,~p n 097 
!)18 CONTI~U :' _____ ______ _______ S I=",p l1 098 
519 - 'c o ~ Tpiu E -- -- S [ I'1P U0 99 

CON:wEJ O:; OoiT I JfNT F. R) __ _ _ ______ ~ _ ____ .____ _ S tf'1p OO1l0 
-· ----If (lfGT. ;~ V AR ) G(\ TQ 609 5 pol p ifo 91 -

DO b 0 8 J ~l .NV A P S I ~ P 009 2 
wE IGHT (J) s:: .,.: e I GI-IT (J ) .. CO !~.COEf ( I LEAVE, Jl 5 I "I PU~ 

--m:--*~o:<:O~;~'"'lfi~\;'~i;!g,------- - ----- - ---------- --- -- - - - -~ I ~~~~~ ; -

258 
259 

61 0 

OBJfUN' Q8Jf.uN-C QN .RTSI PI 1 l.EAV §_, _ __ ___ _ _ ___________ ___ _ ~po o '" __ _ 
KEYS(Je N TE R )~JLE~VE S I~P0097 
J8ASICtILEAYE).JENTER SIMp U0ge 
CONTINU E 51"POO'9 
CONTI NUE _________ SI "'P 0 1 00 
GOTO 69 t; SI'1P UIOl 
CONtiNUE S J~p O ln2 
RETUR~ S I '1 p UI 0 J 

_ ___ ~E~N~Q___________________________________ 51"P01 0' 

- -------------------~. 

-------- -- ----- -- -- - -- -



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

' . 

_3)_.~0u!!lt'RPU!!lt~-_____ - __ - _____ ________ ---: _ __ . _ _ ._. __ ._ ... 

. __ . l4ajor_element .data .0n .. 24 .. al tered _~aatio".sed.imenta. 1rau the .. llolywell .Bay: ""!. .•• . 

___ J&itohall . araa.::ot . Cornwall . were . suppliedo One .sample, . a .higbly. s1l1ceous . .eandstone, . _ ... . _ 

_ -Chosen_ter_it a:-disajmilar1ty_wlth~--Other... 2,3 . ..rock.s,_ waa...used... aa .. the.....!1.rst _eDd ... ___ , ____ ... 

- member.- The--aecond, .. sampler -165-, -·iS----th • . rock. d1tter'ng moat .. trcm tbe .. t1rst, .being ____ " " _ 

': -- &"81at8-containing· much-·baslc ··tuftaceou8 material.- Ths- third_sample . extracted by . 

- ·--the -program,-ie- ·~a1n-an-u.nuBUal-rookr-beil'l8·-a-meta8OlllatiB8d-.81ate .. w1.tb-1208 -% !(20 .. -- . 

_ ... and -" 21~ Al
2

0
3

- Original·-analyses may-be .. seen ··in .Henley, - 1970., (PhD. thesis, Unive:rs1ty . 

--·ot·-Bottingham.)--or-'w1l1·-be · sent -,on ~reque8t -to- the -author. ------. ------- _.---... 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

~AMP~E PERCE ~' T ACC TO 
101 65,34 
136 64,8b 
lJ7 56,76 
135 74.21 
156 85.09 
137 b6.61 
158 70,84 
1,59 58.33 
16~ 66.61 

,161 72.94 
162 71,5? 
163 38.89 - 164 10.07 
16' 18.63 . 
1$1 69.38 
$82 71; 72 - >U3 74.81 

-. 192 78.27 ... ", ,1113 78.40 
1'94 75:.15 .. , 101 76,'S , 

~ 
.1-.98 71,'27 
{n , 66,67 ', -- , 

0 

i:~. , 
' '. - ' ' . -

¥~. _ - 0 • _ _ , _ ,c ,_ 

pROPORT IONS or ENIJ-MEH8ERS 
0,6534 
0.6486 
0.5676 
0.7421 
0,9509 
0.61>67 
0.7084 
0.5833 
0,666} 
0.7294 
0,7157 
0.3889 
0.7007 
0.1863 
O. 6938 
0.7172 
0.7481 
0.7821 
0,1640 
0,7515 
0,7658 

- 0,7721 
0,6667 

lA,63 
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SUMMARY Of SI"'PLE X L.P. C1.A S ~lneATION 

SAMP~E PeRCENT AceTU 
101 65.36 
136 64,86 
137 56.76 
155 75.~8 
156 87.60 
157 66.67 
158 71.82 
159 58,33 
160 66,67 
161 83.60 
162 77.93 
l63 38,89 
164 80.62 
165 100,00 
181 70.92 
182 8Q.61 
183 85.01 
192 85.32 
1\13 78 . 75 
194 80.88 
197 83.69 
198 · 79.21 

p RoPORT IONS 
0.6530 
0.6486 
0.5676 
0.7176 
0,8091 
0.6667 
0.6919 
0,5833 
0,6667 
0,5521 
0,6100 
0,3889 
0.5252 
0.0000 
0.6681 
0.5692 
0.-5784 
0,6653 
0.7183 
0,6561 
0.6476 
0.7404 

. 0.6667 

Of EN~.fIEMRERS 
0,00·06 
0.0000 
0.0000 
0.0390 
0.0669 
0.0000 
0.0264 
0.0000 
0.0000 
0,2639 
0.1693 
0.0000 
0.2811 
1.0000 
0.0 410 
0.2369 
0,2118 
0.1879 
0.0091 
0;1527 
0,1893 
0.0518 
0.0000 

• 
s.~p·~e I2 SEL.EGTeO AS NEXT END-MEMBER . 
peA.CfNT ACCOU~TED . rOR BY EX ISONG ENO·M.EHBERS IS 38.89 
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SUMMARY 

SA~PP: 
j 01 
'3A 
131 
l55 
', ~6 
'57 
158 
159 
160 
161 
162 
16~ 
1~4 
165 
181 
182 
183 
192 
l.93 
194 
191 
198 
19~ 

SAMPlE 
~:ERCE N T . .. 

or S WPLEX L ,Po Cl.ASSIFI CATln N 

P I;=~C E ~'; T ACCTO pRoP nRTI ON S OF .N~ - 'I E"ReRS 
'7.()3 0 .4 242 D. OIlO!'" 0.3456 
64 .86 0 .6486 0. 00 00 0,('100 0 
:'5 ! Iti 0 .56/ 6 0.0000 o,onoo 
78,77 1] .618H 0.0347 0.1536 
9 J I 2 ~ 0. 7563 0.0593 O.!l S69 
67.39 0 .6522 O.OliOI1 0.0217 
7(, , 60 0 ,5945 0,0263 0. 1472 
6~ .6 8 ·0 . 511? 0.0 000 0.185h 
72 .0 0 0 .560 0 0,0 000 0 1 1599 
85.6 H 0.5110 0.2811 0 .0647 
R3,58 0.4819 0.2112 0 ,1538 

100 10 U o,onoo o.o oon 1 1000 0 
85.64 0 .426 1 0. 27 44 0 .1558 

100.00 0.0000 1.0UOO o,onon 
78,B7 0 .5123 0 ,0 410 0.2353 
'0.10 0 .3833 0.2368 0 .26 09 
89 . 23 0 ,4951 0 , 2662 0.13 11 --- --
92 .73 0.5190 0.1780 0. 2303 
85 .86 0 .6390 0. 0 09 1 0.2106 
86 .71 0 .5411 0.1450 0 ,1809 
93.52 0 .4534 0.176 3 0.3 n56 
85.74 0. 61 24 0,0517 0 .1 933 
?j,B~ ".5232 0. 0000 0.2151 

3 St:LtCTtU AS NEXT END_MEMBER 
ACCOUNT ED rDR 8Y EXISTI NG END-M <MBERS IS 56,76 


	Front Cover
	Title Page
	Table of Contents
	Summary
	Introduction
	Simplex Solution of Linear Programming Problems
	Two-Component Example
	Norm Computation
	Linear Programming and Factor Analysis
	Pseudo Factor Analysis
	Limitations
	Possible Applications
	Acknowledgments
	References
	Appendices

	Appendix 1




